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The Meissner effect is analysed by using an approach based on Newton and Maxwell’s equations, 
in order to assess the relevance of London’s equation. The Hall effect is predicted. Two test 
experiments are proposed in detail to check the validity of this theory and to measure London’s 
length. 
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I. INTRODUCTION 

Superconductivity is characterized by two prominent 
propertiesii^: persistent currents in vanishing electric 
field and the Meissner effeclj^, which highlights the rapid 
decay of an applied magnetic field within bulk matter 
in a superconductor of type I or II, provided the field 
is lower than the critical fields He or Hci, respectively. 
Some insight into the Meissner effect could be achieved 
thanks to London’s assumption^ 

B + ^oAicurlj = 0 , (1) 

where stand for the magnetic permeability of 

vacuum, the persistent current, induced by the mag¬ 
netic induction B and London’s length, respectively. 
Eq.dH, combined with Newton and Maxwell’s equations, 
entailsii^i^ that the penetration depth of the magnetic 
field is equal to Al, inferredii^ii^i^ as 



where e, m, p stand for the charge, effective mass and 
concentration of superconducting electrons. 

The first one to question the validity of Eq. © was 
Pippard^ii who investigated the effect of impurities on 
the absorption of electromagnetic waves at microwave 
frequencies in superconducting Sn and favored a phe¬ 
nomenological interpretation, based on the anomalous 
skin effecli^i^. This has resulted in interesting but in¬ 
conclusive debates, regarding the validity of Eq. O : 

• some authorhave attempted to justify 
Eq.([T]) by a classical treatment, whereas another 
school claimed that the Meissner effect stemmed 
from some unknown quantum effect^^, possibly re¬ 
lated to the BCS theoryi^ and Cooper pairsi^; 

• when a superconducting material is cooled in a 
magnetic field H, starting from its normal state, 
the latter is expelled^ii^ from the bulk material, 
while crossing the critical temperature Tc{H) at 
which superconductivity sets in. This additional 


manifestation of the Meissner effect has generated 
an inconclusive debate over the distinction between 
a real material superconductor and a fictitious per¬ 
fect conductor— 

However, nowadays all measurements of microwave 
energy absorption, carried out in superconducting 
materialsi^^— , are intended at assigning the skin 
depth^^, which describes the finite penetration of the 
electromagnetic field. As the skin depth is oc 
where a, to stand for the conductivity of superconduct¬ 
ing electrons and the microwave frequency, it is widely 
accepted that all superconductors display a finite con¬ 
ductivity at a; 0, which however is consistent with the 
observation of persistent currents at vanishing electric 
field. 

Meanwhile a recent work by Hirsc h^^i^'^ deserves a spe¬ 
cial mention, because it seems to be the first one chal¬ 
lenging the well-entrenched claim that the London-BCS 
theory^ii^ accounts satisfactorily for the whole physics 
of the Meissner effect. It also makes a prediction, to be 
validated hereafter, that electron charge might pile up at 
the outer edge of a superconducting sample, embedded 
in a magnetic field. The present work takes advantage 
of Hirsch’s study in order to work out a theory of the 
Meissner effect, resorting solely to classical tools, and to 
assess the validity of EqU] 

The outline is as follows: Sections II and III deal with 
the Meissner effect. The validity of London’s assumption, 
expressed by in EqlU is analyzed in Section IV. The case 
of the field cooled superconductor is addressed in Section 
V. An experiment, enabling one to assess the validity of 
this theoretical approach is detailed in Section VI, and 
the Hall effect is dealt with in Section VH. The experi¬ 
mental measurement of Al is described in Section VIII. 
The conclusions are given in Section IX. 

Consider as in Fig. I a superconducting material of 
cylindrical shape, characterized by its symmetry axis z 
and radius tq in a cylindrical frame with coordinates 
(r, 0, z). The material contains superconducting electrons 
of charge e, effective mass m and concentration p. It is 
subjected to a time t dependent electric field Eg{t, r) ^ 0 
only during t G]0,to[i which defines a transient regime 





2 



FIG. 1. Cross-section of the superconducting sample (dotted) 
and the coil (hatched); Eg and jg are both normal to the 
unit vectors along the r and z coordinates; vertical arrows 
illustrate the r dependence of Bz{r)-, has been magnified 
for the reader’s convenience; Eg. (1201) has been integrated from 
A {Bz{ro + 2rc) = 0) to B; the matter between the dashed- 
dotted lines should be carved out to carry out the Hall effect 
experiment 


(0 < t < to) and a permanent one {t > to). As Eg{t,r) is 
normal to the unit vectors along the r and z coordinates, 
there is divEg = 0 . 


II. TRANSIENT REGIME 


Eg induces a current jg(t,r) along the field direction, 
as given by Newton’s law 


dje ^ P^Eg - ^ 

dt m T 


( 2 ) 


where ^^Eg and are respectively proportional to 
the driving force accelerating the conduction electrons 
and a generalized friction term, which does not vanish in 
a superconductor, only if ^ 7 ^ 0. However the physical 
sense of r in Eq.@ for superconductors may be quite 
different from that given by the Drude model for a normal 
metali. To understand this difference and to account for 
the new r, we shall next work out the equivalent of Ohm’s 
law for a superconductor, submitted to an electric field. 

The superconducting state, carrying no current, is as¬ 
sumed to comprise two subsets of equal concentration 
p/2, moving in opposite directions with respective mass 
center velocity v, —v, which ensures jg = p = 0 , where 
p refers to the average electron momentum. The driving 
field Eg causes Sp/2 of electrons to be transferred from 
one subset to the other, so as to give rise to a finite cur¬ 
rent jg = Spev = eSp/m, where Sp stands for the electron 
momentum variation. The generalized friction force is re¬ 
sponsible for the reverse mechanism, whereby electrons 
are transferred from the majority subset of concentration 
back to the minority one (). It ensues from flux 


quantization and Josephson’s effectjii^iS^ that the elemen¬ 
tary transfer process involves a pair rather than a single 
electron. Hence if is defined as the transfer proba¬ 
bility per unit time of one electron pair, the net electron 
transfer rate is equal to gy virtue of 

Newton’s law, the resulting generalized friction term is 
equal to mvSp/r = Sp/r oc jg/r, which validates Eq.(l2]), 
and permits to retrieve from it the equivalent of Ohm’s 
law for the superconducting state as 

J9 — ^-^9 ? ^ — 5 

m 

whenever the inertial term oc ^ in Eq. m is negligible. 

Although the conductivity a for the superconducting 
state has the same form as for the normal stated, its value 
has been foundi^r— to be ~ 300 times greater. 

Eg induces a magnetic induction Bz(r,t), parallel to 
the z axis. Bz is given by the first Maxwell equation as 


dBz 

dt 


—curlEg 


Eg dEg\ 
r dr ) 


(3) 


The displacement vector D, is parallel to Eg and is de¬ 
fined as 


D = eoEg + peug , 


where eo, ug refer to the electric permittivity of vacuum 
and displacement coordinate of the conduction electron 
center of mass, parallel to Eg. The term peug repre¬ 
sents the electric polarization of conduction electrons^. 
Because d\vEg = 0 entails that ddvDg = 0, Poisson’s 
law warrants the lack of charge fluctuation around pe. 
Thence since there is by definition jg = pe^, the dis¬ 
placement current reads 

dDg . , dEg 

-Je + eo^— • 


Einally the magnetic field Hz{t, r), parallel to the z axis, 
is given by the second Maxwell equation as 


curli?2 = 


dHz 

dr 


je + 


dDg 

dt 


2je + Co 


dEg 

dt 


(4) 


Eg {t, r ), jg {t, r ), Bz {t, r), Hz {t, r) can be recast as 
Eourier series for t g] 0, to[ 


/(t,r) = ^/(n,r)e“-'>‘ , (5) 


where cupto = 27r and f (t,r) ,f(n,r) hold for Bz (t,r), 
Hz{t,r), Eg{t,r), jg{t,r) and Bz{n,r), Hz{n,r), 
Eg (n, r), jg ( n, r), respectively. Replacing Eg,jg, Bz, Hz 
in Eas. pi3l4ll by their expression in Eqs.([5]), while taking 
into account 


Bz{n,r) = p{nuJo) Hz{n,r) , 
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FIG. 2. Semi-logarithmic plots of Bz{u),e'^. 


where /x (nwo) = /xq (1 + Xs (nuJo)) and Xs (w) is the mag¬ 
netic susceptibility of superconducting electrons at fre¬ 
quency uj, yields for n ^ 0 

Ee{n,r) = (n,r) 

tnoxoB. in, r) = - ( 6 ) 

(nwo) ( 2 je (n, r) -b inuioeoEg (n, r)) 
Eliminating Eg {n,r) from Eqs.® gives 

d'^B^ (n, r) _ (n,r) _ dB^ jn, r) 

dr^ S'^inujo) rdr 


t > to, so that the transient current je(t < to) turns into 
the persistent one, jgit > to,r) = jeito,r),'\/r. Eqs.® 
then yield 

jgit> to,r) = ^jein,r) . ( 8 ) 

The second Maxwell equation reads now 

-> to,r) = jg{to,r) . ( 9 ) 

Comparing Eqs. (ITO reveals that H^ito-.r) ^ 
Hz (to +1 ’’’) ■ The penetration depth Am is defined 
as 

1 ^ aLogg^(to+,ro) 

Am dr 

At low frequencies such that wr << 1, one has |<5| ~ 
\rl\fijjT. Given that Al < 10“^m, the inequality 
To >> |(5(na;o)| holds for any n under typical experimen¬ 
tal conditions tq ~ 1mm, wq < IQ^Hz. Using Eq.® and 

T’ —^0 

jg{n,r —^ tq ) ~ join, ro)e''("“o) to integrate Eq.@, we 
obtain 

J_ __ T,njein,ro) _ 

Am X)r^d(f^wo)je(n,ro) - i/z(n = 0,ro) 

where the sum is performed for n 0 and |n|a;o < ujp. 
Thanks to Eq. (HUD and the inequality |d(na;o)| >> Xl, 
valid for n such that |n|a;oT << 1, |Am| is likely to be 
much larger than A l , which is well documented in exper¬ 
imental datap^iid^TiSi. It is important to note that unlike 
Xl, the Am length depends on experimental conditions 
via Wo and je{n, ro)’s, and is hence not an intrinsic prop¬ 
erty of a superconductor. 


<5(w) 


Al 




refer to skin depth and plasma frequencyii^, respec¬ 
tively. As Eqs.dH) make up a system of 3 linear equa¬ 
tions in terms of 3 unknowns jg. Eg, Bz, there is a single 
solution, embodied by Eq. ©• 

The solution of Eq. ([7]) , which has been integrated over 

dB 

r G [0,ro] with the initial condition —E (j. = q) = q, is 

dr 

a Bessel function, having the property i?z(r) ~ gr/s(nu:o) 
if r » |(5(na;o)|, as illustrated in FiglU Finally, Eqs.® 
entail that Eg (n = 0 , r) = 0 =b jg [n = 0 , r) = 0 , which 
in turn results into i?z(rx = 0, r) = Hzin = 0,ro),Vr G 
[ 0 ,ro]. 


III. PERMANENT REGIME 

Because Egit > to, r) = 0 in the permanent regime, the 
generalized friction force oc —is no longer at work for 


IV. VALIDITY OF LONDON’S EQUATION 


Eq.® was assumed^, starting from the following ver¬ 
sion of Newton’s equation 


djg _ pe^ 
dt m 


( 11 ) 


which is identical to Eq.® in case t —>■ oo. Integrating 
both sides of Eq. (HU from t = 0 up to t = to yields for 
for r G [0, ro] 


jeito,r) = —[ Eg{t,r)dt =-—Agito,r) , (12) 
m Jo m 

by assuming jgit = 0 ,r) = Agit = 0 ,r) = 0 and taking 
advantage of Eg = where the magnetic vector 

potentials^ Agit,r) is parallel to Eg. Using furthermore 
Bz = curlAg, it is inferred from Ea. dT^ for r G [0,ro] in 
the permanent regime t > to 

Bz + txoA|curlje = 0 


(13) 
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which is identical to Eq. ©• It has thereby been shown 
that London’s equation is valid in the limiting case 
T —> oo, which entails moreover that the penetration 
depth Am = Al/v^ is ui independent. However the 
measuredii^— skin depth S{uj), being indeed oc 
as expected theoretically^, confirms that r is finite for 
w 7^ 0. 


V. FIELD COOLED SAMPLE 

The expression of Xs is needed for Eqs. to be self- 
contained and because the susceptibility not being con¬ 
tinuous at Tc will turn out to be solely responsible for 
the Meissner effect to occur in a superconductor, cooled 
inside a magnetic field. Since no paramagnetic contri¬ 
bution has ever been observed in the superconducting 
stateiii^, it has been concluded that the latter is always 
in a macroscopic singlet spin state. Consequently the 
only contribution to Xs is of macroscopic origin and can 
thence be calculated using Maxwell’s equations. We be¬ 
gin with writing down the t-averaged density of kinetic 
energy 


£K{r) = ^ 
2p 


je{r) 


associated with the current je(r)e“‘, flowing along the 
Eg direction (this latter induces in turn a magnetic field 
parallel to the ^ axis). The second Maxwell 
equation simplifies into = —2jg because the term 
oc Eg in the third equation in Eqs.® shows up negligible 
with respect to that oc jg for practical uj << ujp. As this 
discussion is limited to the case r —>■ ro, both E[z{r),jg{r) 
are oc so that is recast into 


£K{r) = 


Mo 


Al 

1 ^ 




(14) 


Moreover there is the identity = —Liz, where M = 
poXsi>^)Hz is the magnetization of superconducting elec¬ 
trons. Actually this identity reads in general = —EL 
where E represents the Helmholz free energy^S; how¬ 
ever the property that a superconducting state carries 
no entropyii^ entails that E = Ek- Equating this ex¬ 
pression of with that inferred from Eq. da yields 
finally 


Xs(w) = - 


( Al 


\m^)\ 


As expected, Xs is found diamagnetic (%« < 0) and 
|Xs(w)| << Iforw << 1/r. The calculation of Xs(0) pro¬ 
ceeds along the same lines, except for the second Maxwell 
equation reading = —jg and Am showing up instead 
of (5(a;), whence 




Note that our definition of Xs = where 

E[z{r),M{r) refer to local field and magnetization at 
r, differs from the usual^i^i^i^ one Xs = fj.gi^{ro) 
Hz{ro),M being external field and total magnetization. 

While the sample is in its normal state at T > 
the applied magnetic field EL^ penetrates fully into bulk 
matter and induces a magnetic induction 


Bn = Mo (1 + Xn) iLz , (15) 


where Xn designates the magnetic susceptibility of con¬ 
duction electrons. It comprises^ the sum of a paramag¬ 
netic (Pauli) component and a diamagnetic (Landau) one 
and Xn > 0 in general. Moreover the magnetic induction 
reads for T < Tc{E[z) 

= Mo(1 + Xs(0))LIz , (16) 


with Xs(0) < 0- Because of Xs(0) 7 ^ Xn, the magnetic 
induction undergoes a finite step while crossing Tc{Hz) 


SB _ Bs - Bn _ Xs(0) - Xn 

St St St 


(17) 


where St refers to the time needed in the experimental 
procedure for T to cross Tc{Hz). Due to the first Maxwell 
equation (see Eq.Q), the finite SB/St induces an electric 
field Eg such that curlAg = — ^, giving rise eventually 
to the persistent, Hz screening current, typical of the 
Meissner effect, as detailed hereabove. 

Noteworthy is that, though Hz remains unaltered dur¬ 
ing the cooling process, the magnetic induction B is in¬ 
deed modified at Tc, as shown by Eq. (Hi!). This B varia¬ 
tion arouses the driving force, giving rise to the screening 
current jg, and ultimately to Hz expulsion, in accordance 
with Newton and Maxwell’s law, as shown by Eq. @ and 
Eq.®, respectively. 


VI. TEST EXPERIMENT 

An experiment, enabling one to check the validity of 
this work, will be presented now. It consists of inserting 
the superconducting sample into a cylindrical coil of ra¬ 
dius ro, flown through by an oscillating current /o(iu;)e*“*. 
The coil is made up of a wire of length I and radius Vc 
(see FiglD). Applying Ohm’s law to the coil yields 

-l{Ea{u}) + Eg{u},ro)) = RIo{(^) ^ , , 

where K(a;)e“‘, ^@( 0 ;, r)e*‘^*, = -ZK(w)e“S i? 

are the applied and induced electric fields, both normal 
to the r, z axes, the voltage drop throughout the coil and 
its resistance, respectively {Ea{uj), Eg{uj,r),Us{uj) G C). 
Besides Eg{uj,rQ) is obtained from Eq.® as 

Eg{u},ro) =-iu}S{uj)Bz{u},ro) ■ (19) 

T—TQ 

where Eg{u},r —>■ ro) ~ Eg{uj, ro)e . Working out 
BzioJ, ro) in Ea. (|TOl) requires to solve the second Maxwell 
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equation for r)e®“* inside a cross-section of the coil 

wire 

OB 

= -fio (2jc + ieoUjEc) , (20) 

where jc(w) = and Ec{uj) = Ea{uj) + Egiuj, ro) are 
both assumed to be r-independent. Moreover integrating 
Ea. (l20)l for r £ [ro -I- 2rc, ro] with the boundary condition 
Bz{u), ro + 2rc) = 0, Vt (see FigH]), while taking advantage 
of Eg. lfTS)) . yields 

Bz(a;,ro) = 2/^0 f ^-jp(a;) . (21) 

\TTrc ‘ / 

Combining Eas. (ll8ll9l21l) leads finally to 

R — Us(oj)/I q{u}) eowrci? ^ 2i 

2^0Ujld{uj) I TTVc 

Inserting the measured value of Us{uj)/I o{u}) into that 
equation and checking that it is fulfilled for any w, would 
eventually ensure the validity of this analysis. In addition 
Eq.dTOl) predicts that = Vr, where C/„(a;),r 

are the voltage drop amplitude, measured in the normal 
state, and the ratio of conductivitiesi^Ti^S pertaining to 
the superconducting and normal state, respectively. 


sample in shape of a cylindrical crown of inner and outer 
radius ri,ro, respectively, is needed (see FigH]). Finally 
the Hall voltage reads, for ro — n >> Am 


Bh 



2fiope 


Bz (t[j',ro) = —|^/(to) is the static current flow¬ 

ing through the coil for t > to) is worked out by integrat¬ 
ing Eq.@ under the same conditions used to integrate 
Eg. (1^01) . As in normal metalsi, measuring Uh gives ac¬ 
cess to p. Note that Ur is independent of ri. 

Moreover Poisson’s law implies that a bulk charge den¬ 
sity 5p piles up, which reads 


5p{r) = codivEr = eg 




This result validates Hirsch’s prediction^^i^. Finally 
charge conservation requires a further superficial charge 
density ps to build up at ro all over the outer surface of 
the sample 

rro 

PS = —2-k / 6p{r)dr 

Jo 


VII. THE HALL EFFECT 


VHI. MEASUREMENT OF Xl 


As already noted by Hirsch2i2i^ during the transient 
regime t < to, the magnetic induction Bz exerts on the 
conduction electrons a radial Lorentz force push¬ 

ing the electrons outward, so that a charge distribution 
builds up, which in turn gives rise, via Poisson’s law, 
to a radial electric field Er{r), typical of the Hall ef¬ 
fect. It is noticeable that this Lorentz force arouses also 
a transient radial current but the latter, responsible for 
the charge distribution building up, vanishes in the per¬ 
manent regime t > to, and is thence irrelevant to the 
Meissner effect. 

Moreover for t > to, equilibrium is secured by the ra¬ 
dial centrifugal force ^ j exerted on each elec¬ 

tron making up the persistent current j 9 {to,r), being 
counterbalanced by the sum of the Lorentz force and an 
electrostatic one eEj.{r), with Ej. given by 


Er 


it 

pe¬ 



rn 

pe^r 



Owing to the second Maxwell equation jg = 
can be recast as 


dB, 

g-odr 


Er 


Most experiments^iidiiSS have consisted of mea¬ 
suring complex impedances at frequencies w £ 
[lOMHz, 30GHz], which is tantamount to assessing S{uj). 
Because of ujt<< 1 in that frequency range, there is 
|<^| ~ Al/ \/2wt = 1/^J2poeru}. However whereas a can 
be measured by several methods, there is no experimen¬ 
tal way to determine r, so that the exact value of A^ is 
not known and thence nor that of p/m. 

Therefore it is suggested to work at higher frequencies, 
such that (jj » \/t,ijj « Wp, because <5(a;) = Xl/'J^ 
is independent from r in that range. Typical values 
T ft! ft IQJ^Hz would imply to measure light 

absorption in the IR range. Then for an incoming beam 
being shone at normal incidence on a superconductor of 
refractive index h £ C, the absorption and reflection co¬ 
efficients A, R read^ 


A = 1 - i? = 1 - 


(l+h )2 


The refractive index h and the complex dielectric con¬ 
stant € = eR-\- iei, conveying the contribution of conduc¬ 
tion electrons, are related^^ by 


Er 


dBzBz 

dr 


_ >d,. dB, 

r dr 
fiope 



1 — i/ (wr) 


Because of ft ro » Al and Am >> Al, the 

approximation Er{r) ft -gf- / {2p,ope) can be used for sig¬ 
nificant r >> Xl- For the Hall effect to be observed, a 


At last we get 


Al 


2 

pocaA 


T = poerXl 
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where c refers to light velocity in vacuum. The same 
procedure could be applied in normal metals too; how¬ 
ever due to T ft! the available frequency range 

would be much narrower : versus 

in a superconductor. 

IX. CONCLUSION 

This explanation of the Meissner effect resorts solely 
to macroscopic arguments. The applied, time-dependent 
magnetic field excites transient eddy currents according 
to Newton and Maxwell’s equations, which turn to per¬ 
sistent ones, after the magnetic field stops varying and 
the induced electric field thereby vanishes. Those eddy 
currents thwart the magnetic field penetration. Were the 
same experiment to be carried out in a normal metal, 
eddy currents would have built up the same way. How¬ 
ever, once the electric field vanishes, they would have 


been destroyed quickly by Joule dissipation and the mag¬ 
netic field would have subsequently penetrated into bulk 
matter. As a matter of fact, the Meissner effect shows 
up as a mere outcome of persistent currents, the very 
signature of superconductivity. It is thence unrelated to 
any microscopic property of the superconducting wave- 
functioit^‘^‘^ d^d'^i^^i^° . The common physical significance 
of the Meissner and skin effects, both stemming from 
eR{oj) < 0 for a; < ujp, has been unveiled too. A Hall 
effect has been predicted. Hirsch’s predictio n^^i^"^ , re¬ 
garding an electron charge build up at the outer edge of 
a superconducting sample, has been confirmed quantita¬ 
tively. 
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